Abstract. A new approach to some free boundary problems of the type of jets and cavities for potential flows is introduced. Both potential and Stokes flows are considered. The variable domain problems are relaxed so that they become nonsmooth optimization problems on fixed domains for somewhat singular state equations. State equations are considered, and multivalued generalized gradients of the variational functionals are studied. The method is constructive.
1. Introduction. Consider the following now-classical variational problem introduced and solved by Alt and Caffarelli [2] , and studied extensively by Alt, Caffarelli, and Friedman. (See [3] and [8] and references, given there.) (See also [14] for numerical considerations; for the simplicity of presentation we discuss the very particular geometry: 2 (-a, a) (0, 2).)
Find w E H:(gt) satisfying the boundary conditions It is well known (see [2] ) that, under certain conditions, a minimizer w satisfies (1.1. 4) Aw=O in flg{w>O}, IVw[=g, w=O in gtO{w>O}, w=0in{(x,0);-a<x<a}, w=2in{(x, 2);-a<x<a}, wx 0 in {(+a,y);0 < y < 2}.
The applications of this problem are mainly in potential fluid mechanics, i.e., in free boundary problems of the type of jets and cavities for potential flows. (See [8] and the references given there.)
Unfortunately, the above variational approach failed, in the case of Stokes and Navier-Stokes equation. The reason is that there is no known analog of the functional (1.1.2).
In this paper we introduce a new approach to this problem. The approach is discussed in the case of potential flow (2) , and in the case of the Stokes flow (3) .
Results of the 2 were announced by Stojanovic in [15] . See [4] for a related method. w=0in{(x,0);-a<x<a}, w=2in{(x, 2);-a<x<a}, (2.1. 3) wx 0 in {(+a, y); 0 < y < 2}, for some given (fixed) regular surface F, then (2.1.3) is a fairly simple equation. So the idea is to study (2.1.3) and then to look for F such that if w is the corresponding solution of (2.1.3), then r a > 0}. So, consider the set of admissible shapes (see Remark 1.1.1) (2.1. 5) U {u e H03(-1, 1);0 _< u(x) _< 1,-1 < x < 1}. Denote (2.1. 6) Fu {(x, u(x)); -1 < x < 1}, and extend u E U as zero outside of (-1, 1). Define the domain (2.1. 7) tu {(x, y); Ixl < a, u(x) < y < 2}.
Let w w", be the solution of Aw 0 in t2,, w=0in{(z,0);-a<x<-lorl<x<a}, w=0inF, (2.1.8) w 2 in {(x, 2);-a < x < a}, wx 0 in {(+a,y);0 < y < 1}.
We could also take a cx3 in (2. for all e C(Bo(A)), so that z '4 is harmonic across {x -a} as claimed. Henceforth z u is as regular in the neighborhood of (-a, 0) as the (extended) In (2.3.13) the inequality follows from the proof of the trace theorem (see, e.g., [12] or [7] ). Indeed, one can see ( [7] We observe that because of (2.1.5) and (2.1.10), the preceding analysis is true also in the {y > 0} neighborhood of (the preimage of) (1, 0), so that (2.3.32) holds up to the initial and terminal points of (the preimage of) F. Elliptic Ilz,+x, z'llco(a) < cA.
Proof. We need to compare z +v and z. This is difficult to do in the original domain gt since the (singular) right-hand sides of the equations that they satisfy act on disjoint sets, so that there is no obvious cancellation. So, the idea of the proof is to map the original domain into different domains in such a way that the cancellation takes place.
As before, let .=. be the map with the image fl given by the formula ..(x, y) "-l(x,y) (x,y U(X)), and (set A (x,y)) dist . We consider a motionless body B in a viscous incompressible fluid moving in a bounded region A containing B. The boundary of the region A will be denoted as 0A.
Fluid is moving at the velocity h at 0A, and h is such that fOh h" nda 0, where n is the unit (exterior) normal to 0A.
The boundary of the body OB consists of two disjoint and connected parts E and F, 013 E tO F. We shall suppose that F can be described as U {u E H03(-1, 1);0 <_ u(xl) <_ 1,-1 < xl < 1}.
So, if we want to emphasize the dependence on u U we shall write also B By.
Denote by lu the actual flow region gtu de___f A \ Bu. Also, we assume that E is such that OB is sufficiently regular. Finally, denote, (3.1.3) {(xl,x2); -1 < xl < 1, 0 < x2 < u(xl)} tO U r, so that gt \ {(xl,x2); -1 < Xl <: 1, 0 < x2 < t(Xl)}. We observe that the pressure p in (3.1.4) is determined only uniquely up to the additive constant.
The problem we propose is the following:
For given g g(xl,x2) such that (we will not always have to assume this much) (3.1.5) Proofi The interior regularity z u C( Fu) 2 follows eily (see, e.g., [6] ). The proof of (3.3.5) is similar to the proof of (2.3.4) . One has to use (see [5] ) the following L-estimate for the Stokes problem: (3.3.10) where F is the right-hand side; in our ce F() fr g" da.
We prove now (3.3.6). We use the following important result (see [13] Proof. The proof is the same as the proof of Lemma 2.4.1.
We have the next theorem.
THEOaEM 3.4.1. Assume (3.1.5) and (3.1.6). Then is directionally differentiable at any u U such that u(x) > 0 for-1 < x < 1, and '(u; v) f_,( 
